A NOTE ON LATTICES IN SEMI-STABLE REPRESENTATIONS 



TONG LIU 



Abstract. Let p > 3 be a prime, K a finite extension over Qp and G := 
G&\{K/K). We extend Kisin's theory on i/p-modules of finite i5(u)-height to 
give a new classification of G-stable Zp-lattices in semi-stable representations. 
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1. Introduction 

This note serves as a new idea to classify lattices in the semi-stable representa- 
tions. Let A: be a perfect field of characteristic p > 2, W{k) its ring of Witt vectors, 
Kq — W{k)[^], K/Kq a finite totally ramified extension and G := Gal{K/K). 
For many technical reasons, we are interested in classifying G-stable Zp-lattices in 
semi-stable p-adic Galois representations, via linear algebra data like admissible fil- 
tered iV)-modules in Fontaine's theory. Many important steps have been made 
in this direction. For example, Fontaine and Laffaille' theory |FL82] on strongly 
divisible VF(fc)-lattices in filtered (</?, iV)-modules, Breuil's theory on strongly divis- 
ible 5-lattices ( |Bre02) . |Liu07a| ). and Berger and Breuil's theory on Wach modules 
f [BB07) ). Unfortunately, these classifications always have some restrictions (on the 
absolute ramification index, Hodge- Tate weights, etc). Based on Kisin's theory in 
[Kis06j , the aim of this paper is to provide a classification without these restrictions 
(at least for p > 2). 

More precisely, let E(u) be an Eisenstein polynomial for a fixed uniformizer tt 
of Koo = Un>iK{^;/^), Goc = Ga\{K/Koc) and e = W{k)luj. We equip 
6 with the endomorphism ip which acts via Frobenius on W{k), and sends u to 

I99I Mathematics Subject Classification. Primary I4F30,14L05. 

Key words and phrases, semi-stable representations, Kisin modules, G-stable Zp-lattices . 
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uP. Let Mod^g denote the category of finite free S-modules 9J1 equipped with a 
(/?-semi-linear map : 9Jl ^ 971 such that the cokernel of 6-Unear map 1 (8" ■ 
e «)^,6 9Jt ^ 971 is killed by E{uy. Objects in Mod^g' are called ip-modules 
of E(u) -height r or Kisin modules. In |Kis06| . Kisin proved that any Goo-stable 
Zp-lattice T in a semi-stable Galois representation comes from a Kisin module 
(See Theorem 12.1.11 for details). Obviously, extra data have to be added if one 
would like to extend the classification of Goo-stable lattices to the classification 
of G-stable lattices. Our ideal is to imitate the theory of {(p, r)-modules. But 
Goo is not a normal subgroup of G and there is no natural G-action on S. To 
remedy this, we construct a S-algebra TZ inside W{R) such that TZ is stable under 
Frobenius and the G-action. Furthermore, the G-action on TZ factors through 
G := Ga.l{Koo,p'^ /K) where ifoo,p°° is the Galois closure of Koq. The construction 
of TZ allows us to define {(p, G)-module which is Kisin module (971, (p) with extra 
semi-linear G-action on TZ^^^e 971 compatible with Frobenius (see Definition 12.2.31 
for details). Our main result in this note is that the category of G-stable Zp- 
lattices in semi-stable representations with Hodge- Tate weights in {0, . . . , r} is anti- 
equivalent to the category of ((/?, G)-modules of £'(u)-height r. 

Just as any integral version of p-adic Hodge theory before, {ip, G)-modules will 
help us better to understand the reduction of semi-sable representations, and this 
will be discussed in forthcoming work. On the other hand, so far we do not fully 
understand the structure of TZ. In fact, TZ seems quite complicated (See Example 
I3.2.3p . So at least at this stage, it seems that our theory only serves as a theoretic 
approach. We hope we can simplify this theory in the future by further exploring 
the structure of 7?,, such that we could provide more explicit examples or carry out 
some concrete computations by {(p, G)-modules. 

2. Preliminary and the Main Result 

2.1. Kisin Modules. Recall that fc is a perfect field of characteristic p > 2, W{k) 
its ring of Witt vectors, Kq = W{k)[-], K/Kq a finite totally ramified extension 
and e = e^K/Kg) the absolute ramification index. Throughout this paper we fix a 
uniformiser tt Q K with Eisenstein polynomial E{u). Recall that & = VF(fc)[u] is 
equipped with a Frobenius endomorphism ip via u ^ and the natural Frobenius 
on W(k). Throughout this paper we reserve Lp to denote various Frobenius struc- 
tures. A ip-module (over 6) is an 6-module 97t equipped with a (^-semi-linear map 
ip : DJl ^ 971. A morphism between two objects (97li,((Ci), (97l2,</32) is a 6-linear 
morphism compatible with the (pi. Denote by Mod^g the category of ip-modules of 
E{u) -height r in the sense that 97t is finite free0 over © and the cokernel of ip* is 
killed by E{uY, where (p* is the ©-linear map 1 (g) 99 : © iS)^p,e 9^ — > Object in 
Mod^g is also called Kisin module {of height^ r). 

Let R = limC'^/p where the transition maps are given by Frobenius. By the 
universal property of the Witt vectors W{R) of R, there is a unique surjective 
projection map 6 : W{R) O/^ to the p-adic completion of O^, which lifts the 

^This is a somewhat ad hoc definition because we only concern finite free S-modules here. In 
fact, one may only require that 9Jt is of ©-finite type when define (/^-modules of finite i?(n)-height, 
especially, when study p-power torsion representations. 

^Throughout this paper, the height is always i?(M)-height. So we always omit "i?(tt)". 
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the projection R — )■ Oj^/p onto the first factor in the inverse limit. Let 7r„ G if be a 
p"-th root of IT, such that {ttu+i)^ — 7r„; write tt = (7r„)„>o G R and let [tt] € Ty(i?) 
be the Techmiiller representative. We embed the T4/'(fc)-algebra into W{R) 

by the map u i— s- [tt]. This embedding extends to an embedding 6 ^ W{R), and, as 
^'([il]) — ■"'i is the map 6 Ok sending u to tt. This embedding is compatible 
with Frobenious endomorphisms. 

Denote by Os the p-adic completion of S [i] . Then Og is a discrete valuation ring 
with residue field the Laurent series ring k{{u)). We write £ for the field of fractions 
of Og. If Fri? denotes the field of fractions of R, then the inclusion 6 ^ W{R) 
extends to an inclusion ^ W(Fri?). Let C VF(Fri?)[i] denote the maximal 

unramified extension of £ contained in Vl^(Fri?)[i], and O"'' its ring of integers. 
Since Fri? is easily seen to be algebraically closed, the residue field 0"''/pC'"'' is 
the separable closure of k{{u)). We denote by the p-adic completion of and 
by O™ its ring of integers. £™ is also equal to the closure of in W^(Fri?)[i]. 

We write S"'' = O"'' n W{R) C M^(Fri?). We regard all these rings as subrings of 
W(FtR)[^]. 

Recall that Koo = Un>o -^(""n)' ^^"^ ~ Gal{K /Koo)- Goo acts continu- 
ously on 6"'' and and fixes the subring 6 C W{R). Finally, we denote by 
Rep2p(C?oo) the category of continuous Zp-linear representations of Goo on finite 
free Zp-modules. 

For any Kisin module (OK, (^), one can associate a Zp[Goo]-inodule: 
Ts(an) :=Home,^(OT, ©"'■). 

One can show that Tg(9}t) is finite free over Zp and rank^ {Tq{TI)) = rankg(9Jl) 
(see for example. Corollary (2.1.4) in |Kis06| ). Let V be a continuous linear repre- 
sentation of G := Ga.l{K / K) on a finite dimensional Qp-vector space. V is called 
of E{u) -height r if there exists a Goo-stable Zp-lattices T C V and a Kisin module 
Tl e Mod^'g such that T ~ Te(Tl). We refer |Fon94bj to the notion of semi-stable 
p-adic representations!!. The following theorem summarizes the known results on 
the relation between semi-stable representations and representations of finite E{u)- 
height. 

Theorem 2.1.1 ([Kii06]). (1) The functor Te : Mod^g Rep2;^(Goo) is 
fully faithful. 

(2) A semi-stable representation with Hodge-Tate weights in {0,...,r} is of 
finite E[u) -height r. 

Remark 2.1.2. (1) Suppose that V is of i?(u)-height r. Then it is easy to 
show that any Goo-stable Zp-lattice T <Z V comes from a Kisin module 
«n G Mod/g, i.e., T~ rs(Ol). See the proof of Lemma (2.1.15) in |Kis06) . 
(2) It is natural to ask if the converse question for Theorem 12.1.11 (2) is true. 
As we will see later, our results in this note may be regarded as partial 
results in this direction. 



■^A p-adic representation V is called semi-stable if dimjf^ (^^Qp Bst)^ = diniQ^ V. See |Fon94al 
for the construction of B^f 
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2.2. {(fi, G)-modules. We denote by S the p-adic completion of the divided power 
envelope of with respect to the ideal generated by E{u). There is a unique 

map (Frobenius) (p : S ^ S which extends the Frobenius on 6 . Define a continuous 
isTo-linear derivation N : S ^ S such that N{u) = —u. We denote >5'[l/p] by Skq- 

Recall R = limO^f/p and the unique surjective map 9 : W{R) Oj^ which lifts 
the projection R Oj^/p onto the first factor in the inverse limit. We denote by 
Acris the p-adic completion of the divided power envelope of W{R) with respect to 
Ker(6'). Recall that [tt] g W{R) is the Teichmiiller representative of tt = (7r„)„>o S 
R and We embed the W(A:)-algebra l¥(fc)[it] into W{R) via u i-+ [tt]. Since 0{t£) = tt, 
this embedding extends to an embedding 6 ^ S ^ ^cris, and is the /iTo-linear 
map s : S Ok defined by sending u to tt. The embedding is compatible with 
Frobenius endomorphisms. As usual, we write B'^^-^^ = ^ciis[l/p]- 

oo 

For any field extension F/Qp, set Fpoo = IJ F{(pn) with Cp" a primitive p"- 

oc 

th root of unity. Note that Koo,p°° — U K{TimC,p^) is Galois over K. Let Go 

n=l 

Ga\{Koo,p°^ , Kpoa), Hk '■— Gal(ifoo,p°°, -fi^oo) and G :— Ga!i{Koo,p'= /K). By Lemma 
5.1.2 in |Liu07a| . we have Kp^ n K^a = K, G ^ Gq >3 Hk and Gq ~ Zp(l). 

For any g G G, let e{g) — 5([7r])/[7r]. Then e{g) is a cocycle from G to the group 
of units of Acris- In particular, fixing a topological generator r of Gq, the fact that 
G = Go x Hk implies that e(r) = [(ei)i>o] G W{R) with Ci a primitive p^-th root 
of unity. Therefore, t :— — log(e(T)) e Acris is well defined and for any g £ G, 
g(t) = x(ff)i where x is the cyclotomic character. 

For any integer n > 0, let t^^^ = t'^^^'^Jq{n){t^~^/p) where n — {p~ l)q{n) + r{n) 
with < r(n) < p — 1 and "fi{x) = ^ is the standard divided power. Define a 
subring TZkq of S^j^ as in §6, [Liu07b| : 

oo 

TZko ={^^^ fit^'^'-Ji e Sko and -> as i -> +00} . 

i=Q 

Finally we put 7^ TZko H W{R). 

It is easy to see that TZko is an ^-algebra and i^s-stable as a subring of B'^^.^^. We 
claim that TZkq is also G-stable. In fact, it suffices to show that for any g £ G, 
X d S, we have g{x) € TZko- First note that for any g e Goo, g{x) = x. Recall that 
G = Go X Hk and r the fixed topological generator in Go . It suffices to check that 
t{x) £ TZko- But we have 

00 00 
r{x) :=^7V^(x)7.(-log(e(T))) =^7V'(a;)7,W. 

1=0 i=0 

Therefore t{x) £ TZko and TZko is G-stable. In fact, the G action on TZkq factors 
through G. Hence we obtain some elementary facts on TZ. 

Lemma 2.2.1. (1) TZ is a ip-stable 6-algebra as a subring in W{R). 
(2) TZ is G-stable. The G-action on TZ factors though G. 



A NOTE ON LATTICES IN SEMI-STABLE REPRESENTATIONS 



5 



Remark 2.2.2. By Lemma 7.1.2 in jLiu07bj . we may regard Rkq as a subring of 
-^o|a^,yl via u t-^ x and t t—^ y. However, the structure of TZ is much more com- 
phcated and so far we do not know how to describe it exphcitly. See Example 

mi 

Let (9Jl, (pfjyt) be a Kisin module of height r and Tl -.= 71 (E)ip^e 9^- Then we can 
naturally extend ip from SDt to 9Jl by 

(p^{a (g)m) = ipj^ia) (g) (f^{m), Va G TZ, Vm G 971. 

Definition 2.2.3. A (93, G')-module (of height r) is a triple (OK, G) where 

(1) (971, (psot) is a Kisin module (of height r). 

(2) G is a 7?.-semi-linear G-action on := 7^ ®(p,e 971. 

(3) G commutes with (^jjj on 971, i.e., for any g £ G, = lySjQjff- 

(4) Regard 971 as an (^(e)-submodule in OT, then 971 C SW^^. 

A morphism between two ((/p, G)-modules is a morphism of Kisin modules and 
commutes with G-action on ^DI's. We denote by Mod^'g the category of {ip, G)- 
modules of height r. 

2.3. The main theorem. Let 971 = (971, tp, G) be a {ip, G)-module. We can asso- 
ciate a Zp[G]-module: 

(2.3.1) f{m) := Rom^ Jiz ®^,6 971, WiR)), 

where G-acts on f (OT) via g{f){x) = g{f{g^^{x))) for any g e G and / e f{Tl). 
Now we can state our main theorem: 

Theorem 2.3.1. (1) Let 971 (971, (p, G) be a {ip,G)-module. There is a nat- 
ural isomorphism of 'Lp[Gao]-modules 

(2.3.2) e : Te(97t) = Honie,,p(97l, 6") ^ f{m) = Koia^^{n®^^e Tt,W{R)). 

(2) T induces an anti- equivalence between the category of {(p^G) -modules of 
height r and the category of G- stable Zp-lattices in semi-stable representa- 
tions with Hodge-Tate weights in {0, . . . , r}. 

3. The Proof of the Main Theorem 

3.1. The connection to Kisin's theory. We first prove Theorem 12.3.11 (1) and 
full faithfulness of T in this subsection. 

Let (971, ip, G) be a {p, G)-module and m:=Ti (8)y,e 97t. As in Definition [2231 
we regard 971 as a (p(6)-submodule of dSi. Then for any / e re(971), define 9{f) e 
Hom^(mi,VF(i?)) by 

e{f){a®x):=aip{f{x)), Va e Vx G 971. 

It is routine to check that 9{f) is well-defined and preserves Frobenius. Therefore, 
d : re(9Jl) f{Tl) is a well-defined. Now we reduce the proof of Theorem [2XT] 
(1) to the following 

Lemma 3.1.1. 9 : T'e(97l) r(971) is an isomorphism of 'Lp[Gac]-'modules. 
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Proof. Since ip : 6"'' — + W{R) is injective, 6 is obviously an injection. To see that 

is surjective, for any h E T{DJl), consider / :— ft.|ojt. Since / is a tp{6)-\mea,r 
morphism from M to W{R) = ip{W{R)). There exists an f G Rome {Tl,W{R)) 
such that (/3(f) = /. Obviously, ^(f) — h and f preserves Frobenius. Now we have 
f G Kome,^(Tl,W{R)). It suffices to show that f e TeiM) = Home,v(OT, 6"')- 
Note that /(97t) C W{R) is an 6-finite type (^-stable submodule and of E{u)- 
height r. By |Fon90| . Proposition B 1.8.3, we have f(Tt) C B"''. This complete 
the proof of the bijection of 6. Now it suffices to check that is compatible with 
Goo-actions on the both sides. For any g S Goo, a G TZ, x & Tl and / G Te{Tl), 
g{6{f)){a (g) x) = g{6{f){g~^{a (g) x))). Note that Goo acts on Tl trivially, we have 

g{e{f){g-\a ® x))) = g{0{f){g-\a) ® x)) = a ® = ® a^)- 

That is, = 0{gif)). □ 

Now we need some preparations to show that T(fUl) is semi-stable. Let T be a 
finite free Zp-representation of G or Goo, we denote by the Zp-dual of T. It will 
be useful to recall the following technical results from |Liu07bj . §3.2: let 9JI be a 
Kisin module of height r, using the definition of Tq (dJl) , we can show (c.f. |Liu07bj , 
Proposition 3.2.1) there exists an ©"''-linear. Goo-compatible morphisnfl 

Select a t G S"'' such that Lp{t) — CQ^E{u)t where cq is the constant term of E[u). 
Such t is unique up to units of Zp, see Example 2.3.5 in |Liu07b| for details. 

Lemma 3.1.2. te is an injection. If we regard 6"'' ^ as a submodule of 
T^(97l) ma le- Then V{T^{m) 6") C ©""^ 0e SOt. 

Proof. See Theorem 3.2.2 in |Liu07b| . □ 

Using the same idea as above, we have a similar result for 971 
Proposition 3.1.3. r(9JT) induces a natural W{R) -linear, G-compatible morphism 
(3.1.1) t: W{R)<»T^Tl^f''{Tl)<»z,W{R), 

where DJl = TZ 'Siip,e Moreover, i — ie <8'e"^¥' W{R) and u is an injection. 
If we regard W(R) (g)^Tl as a submodule of r^(OT) (g>Zp W{R) via 1. Then 

{if[i)Y{f''{mi) w{R)) c w{R) (g)^ m. 

Proof. We use the same idea for the construction of in Proposition 3.2.1 in 
|Liu07b| . One first prove that 

f (OT) ~ Romw(.R)AW{R) m, W{R)) 
is an isomorphism of G-modules, where the G-action on the right side is given by 
5(/)(-) = gifig-H-))), for any g G G and / G Homtv(i?),^(W^(i?) ®^ m,W{R)). 
Then we have a map 

t : WiR) ®^5m^ Homz^(f (OT),VF(i?)) = f^(5m) WiR) 

induced by a; i~> (/ i-^ f{x), V/ G T(9Jl)) for any x G Tl. It is easy to check that 

1 is compatible with G-actions on the both sides. By Lemma 13.1.11 and comparing 



^Here we use a slightly different notations from those in | Liu07b| . 
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the constructions of te and t, we see that t — ie ®e^'.Kp W{R). The remaining 
statements are then easy consequences of Lemma 13.1.21 □ 

Remark 3.1.4. Let F be a representation of E{u)-he\^i r, T a G-stable Zp-lattice 
in V, and OJl the Kisin module associated to T\c^- We can always consider the 
injection 

I :^ Le ®e",v WiR) : WiR) ®^,6 ^ ^ <^z, WiR). 

There is a natural G-action on the right side because T is G-stable. In general, it 
is not clear whether the left side is G-stable0, or equivalently, whether the G-orbit 
of 071, G{DJl) C W{R) 01^,6 9^- As we will see soon, in the case of (</?, G)-modules, 
we have G{D)l) C TZ^^^s 9Jt C W{R) ®^^e 971. This is actually a key point to prove 
that f'(^) (g)Zp Qp is semi-stable. 

Now we are ready to prove that T(*ni) ®i Qp is semi-stable. Tensoring B'^^-^^ on 
both sides of (|3.1.ip . noting that 

^c+is ®w(.R) W{R) ®^m = i?+ , ®^ = B+i, ®7^^„ TIk, M 

and TZkq (^ji ^ ~ Ti-Ko (^ip,e 97t, we have 

(3.1.2) L(®w(R) S+s ■■ B+is ®n^, (T^Ko ®^,6 ^) -> r^(im) B+ 
By a similar argument for tg, we also have 

(3.1.3) Le 

Since l — Le (8)6"^y W^(^) by Proposition l3.1.3| we have the following commutative 
diagram to identify (|3.1.2p with (|3.1.3p : 

i ( 

Thus 7?.i^„ ®(p,s 9Jl in (|3.1.3p is G-stable and has the same G-action as that on 
TZko '®v, 6 in ((3T2)) . Now the proof of semi-stability of f (OT) wiU be totally 
same as |Liu07b| . §7. For convenience of readers, we sketch the proof here. 

|Liu07b| . §7 is also aiming to prove that certain representation V of £'(7i)-height 
r is semi-stable with Hodge- Tate weights in {0, ...,r}. Except that we require 
that V is of finite i?(u)-height such that we can establish (|3.1.3p . the only other 
inputs that §7 need are three conditions in the beginning of §7.1 on the G-action 
on V^sT^Kq — T^Ko ®ip,& sot, where V := Skq (^ip,e And these three conditions 
are just conditions required in Definition 12.2.31 Thus the same proof follows. More 
precisely, regarding Sko as a subring of i^oIuL let / = uiiTolM] n Sko and D := 
"D/IV. Then D is a finite free i^o-module with a semi-linear Frobenius action. One 
can prove there is a unique (p-equivariant section D ^ V. So we can regard D as 
a A'o-submodule in V. Since D ^ V is (^-equivariant, the structure of TZko forces 
that G(D) C Ko[t] i^Ko D. Now the fact that G acts on Ka[t] ®Ka D and Hk 



'Though it is Goo-stable. 
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acts on D trivially implies that there exists a linear map N : D D such that 

oo 

— J2 7i(0 ^ N'^{x) for any x £ D. Now consider the Kq- vector space 

n=0 

oo 

D ■= {^j,{u) <S) N\x) e B+(»sT>\x e D} 

i=0 

where u = log(u) e B+.We can show that D C {B+ 0s 'D)'^ C (f ""(OT) (8)2^ B+)'^ . 
But diuiKoD = diniift,!? = Rankz^f (OT). Therefore, f (OT) «)Zp Qp is semi-stable 
and the functor T is well-defined. 

Now let us prove the full faithfulness of T. Suppose that / : T' ^ T is a 
morphism of G-stablc Zp-lattices inside semi-stable representations, and there exist 
{(f, G)-niodulcs m' and M such that f{m') ~ T' and f (OT) ~ T. Note that Te is 
fully faithful fTheorem l2.1.ip . there exists a morphism of Kisin modules f : 9Jl ^ Tl' 
such that Te(f) = fla^, where M = n®^^e and OT' ^'R(Si^,e 2Jl'- By Lemma 
13.1.11 it suffices to show that f := 7?, ®<^,s f is G-equi variant. To see this, consider 
the following commutative diagram induced by t defined in p.l.ip : 

W{R) ®^ m TV(IH) WiR) = W^(i?) 



w(i?,)(»^f 



Te(f)®i;„H'(fl) 



Ty(i?) ®^ m' T^(im') — {t'Y w{r) 

Note that t is injective by Proposition 13.1.31 Since / is G-equi variant, f is G- 
equi variant. 

3.2. The essential surjectiveness of T. Now assume T is a G-stable Zp-lattice in 
a semis-stable representation V with Hodge- Tate weights in {0, . . . , r}. By Theorem 
[^Xn There exists a Kisin module 371 such that Te(9Jl) ~ T\g^- Theorem 5.4.2 in 
|Liu07b| showed that 

is compatible with G-action. More precisely, let V := Skq (^ip,& 9^ be the Breuil 
modulqj associated to V and N be the monodromy operator on V. Then G acts 
on B+i, (g)s P = «)^,e via (c.f. (5.2.1) in [LiuOTbp 

00 

(3.2.1) gia ® x) = ^ 5(a)7.(- log(e(ff))) ® N\x). 

4=0 

We identify 971 as a iy9(6)-submodule of _B^.jg (8)ip,e 9^ by 

971 ~ e ®s 971 6 ®^,e 971 B+.^ (^^,s 9rt. 
Now we are interested in the orbit G(97t) of 971 under G. 

Proposition 3.2.1. G(97l) c 7^ (g)^,e 97t. 



Breuil module is a finite free 5xo"™odule with structures of Frobenius, filtration and 
monodromy. By |Bre97| . the category of admissible Breuil modules is equivalent to the category 
of semi-stable representations. Also see §3.2 in ILiu07al for the relation between Kisin modules 
and Breuil modules. 
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Proof. We have seen that G{dJl) C TZkq ^tp.e by formula ()3.2.1|) . Then it suffices 
to show that t(071) C W{R) (8ii^,e 9^, where r is the fixed generator of Gq. Now 
consider the following commutative diagram 

WiR) (^^,e m ^ <»z, WiR) 

(3.2.2) 

where the first row is obtained by ie '^e^'.ip W{R). Obviously, the right column is 
compatible with G-action. By Proposition 13.1.3] we have 

Now select a basis ei, . . . , of and write T(ei, . . . , e^) = (ei, . . . , ed)A with A a 
d X d-matrix. Let a be a coefficient of A. It suffices to show that a G W{R). Now 
we know that a e T^Kq and {if{t)ya £ W{R). Then we may reduce the proof to 
Lemma 13.2.21 below. 

□ 

Lemma 3.2.2. Let a e B+.^. If {(p{t)Ya e W{R) then a £ W{R). 

Proof. After multiplying some p-power, we may assume that a £ Acns- As in 
|Fon94aj . §5.1, define 

= {a e W^(i?)|^"(a) £ FirW{R), for any n > 0}. 

Write X = {(p{i)Ya. We claim that x £ &W{R). By Example 5.3.3 in |Liu07b| 
or Example 13.2.31 below, there exists a unit a £ Aais such that t = a(f{t). So 
ip{t) £ Fi\^W{R), then x = {(p{t)Ya £ FifAcris H W{R) = FiVW{R). On the other 

ri-l 

hand, ^(t) = Ca^E{u)t, thus (p"(t) = ( Jl ^'ico^E{u))Y £ Fi\^W{R). Therefore 

i=0 

(/7"(a:),v3"(('/?(t))'') £ FirW{R) and then x,{ip{t)Y £ By proposition 

5.1.3 in [Fon94a| . I^^^W{R) is a principal ideal and b £ I^^^W{R) is a generator if 
and only if vii{b) = where b = b mod p. We claim that {ip{t)Y is a generator 

of I^^^W{R) by computing t;fl,((^(t)) = Since (p(t) = Cq ^£^(u)t, we may choose 
t such that t = t mod p = jn^ . Thus VR(i) ^ Now {ip{t)Ya £ /M VF(iT!) and 

iipit)Y is a generator of /MvK(i?). So a G W{R). □ 

Now Proposition 13 . 2 . Il implies that Tl ■.= TZ ^ip^e ^ is stable under G-action in 
^cTis^v,<s (^Zp B^ris- ^^'^ obviously the G-action on factors through G. 

It is easy to check that 971 is a {cp, G)-module. It remains to check that T{VJl) ~ T. 
First, by Lemma [SHIl f{^m)\G^ ^ T\g^. Recall that t defined in (PXT]) is 
compatible with the G-action on the both sides, and t — lq ^e^ipW{R). Comparing 
L with the top row of (j3.2.2p , we have the following commutative diagram: 

W{R) (g)^ m — ^ f v(OT) (E)Zp W{R) 



i I 
W{R) ®^,s Tl ^ TV (E)Zp W{R) 
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By the construction of OJl, we sec that the left column is compatible with the 
G-actions. By Proposition [STll ip{e'){T^(m) W{R)) C W{R) ®<^,e So 
the right column is also compatible with the G-actions. Therefore, T{Tl) ~ T as 
G-modules. This completes the proof the main theorem. 

Unlike TZkq , so far we do not have an explicit description of TZ. Put 

t(u) T([7rl) 
w := - 1 = -V=^ - 1 = exp - 1. 

u [n\ 

We see that w G TZ and T4^(fc)|M, fx;] C ^ is stable under Frobenius and G-action. 
Unfortunately, this inclusion is strict. The following example show that the struc- 
ture of 72. may be very complicated. 

Example 3.2.3. It is well known that t is the period of the cyclotomic character 
X- On the other hand, t is the period of the Kisin module for where is 6- 
free rank-1 module &*:=&■ f and (/?(/) = CQ^E{u)f with / a basis. Example 
5.3.3 in [Liu07b| showed that we may choose t such that t = c(p{t), where c = 

n (^"(^i^fl-^). Then T(c)T{ip{i)) = T{t) = t = cip{i). Therefore T{Lp{i)) = 
1=0 ^ 

^^(t) = n -^"(TSg)) Let c = ^ = n ^"(tSS)))- Since c is a unit in 

n— 1 n— 1 

TZko^ c e TZko- On the other hand, E{u) is a generator of Fil^VF(i?), so t^e(u)) is a 
unit in W{R). Thus c^U. Let 6* := (:^(g)^,s e) • / = • / be the G)-module 
corresponding to x- Then G-action on S* is given by t(/) — cf. 
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